Let G be a totally disconnected, locally compact group admitting a contractive automorphism a. We prove a Jordan-Hö lder theorem for series of a-stable closed subgroups of G, classify all possible composition factors and deduce consequences for the structure of G.
Introduction
A contraction group is a pair ðG; aÞ, where G is a topological group and a : G ! G a contractive automorphism, meaning that a n ðxÞ ! 1 as n ! y, for each x A G. Contraction groups arise in probability theory on locally compact groups (see, e.g., [15] ), representation theory ( [21] , [22] , [24] , [35] ), and the structure theory of locally compact groups initiated in [36] (see [1] and [8] ). It is known from the work of Siebert that every locally compact contraction group is a direct product G ¼ G e Â D of a connected group G e and an a-stable totally disconnected group D, whence the study of locally compact contraction groups splits into the two extreme cases of connected groups and totally disconnected groups (see [32] , Proposition 4.2). Siebert characterized the connected locally compact contraction groups; they are, in particular, simply connected, nilpotent real Lie groups. He also provided some basic information concerning the totally disconnected case. In the present article, we complete the picture by discussing the fine structure of a totally disconnected, locally compact contraction group G. We show the existence of a composition series subgroup. Our first main result is a classification of the simple, totally disconnected contraction groups.
Theorem A. Let ðG; aÞ be a simple, totally disconnected, locally compact contraction group. Then G is a torsion group or torsion-free, and ðG; aÞ is of the following form:
(a) If G is a torsion group, then ðG; aÞ is isomorphic to a restricted product F ðÀNÞ Â F N 0 with the right shift, for a finite simple group F .
(b) If G is torsion-free, then ðG; aÞ is isomorphic to a finite-dimensional p-adic vector space, together with a contractive linear automorphism which does not leave any non-trivial, proper vector subspace invariant.
Conversely, all of the contraction groups described in (a) and (b) are simple.
The direct power F N 0 is equipped with the (compact) product topology here, and F ðÀNÞ :¼ fðx n Þ n A ÀN A F ÀN : x n ¼ 1 for all but finitely many ng carries the discrete topology.
We remark that the contractive linear automorphisms occurring in (b) can be characterized in terms of their rational normal form (cf. Proposition 6.3). The classification has important consequences for general contraction groups. Our second main result is the following structure theorem.
Theorem B. Let ðG; aÞ be a totally disconnected, locally compact contraction group. Then the set torðGÞ of torsion elements and the set divðGÞ of divisible elements are a-stable closed subgroups of G, and G ¼ torðGÞ Â divðGÞ (internally) as a topological group. Furthermore, divðGÞ is a direct product of a-stable, nilpotent p-adic Lie groups G p for certain primes p,
Each G p actually is the group of Q p -rational points of a unipotent linear algebraic group defined over Q p (see [35] , Theorem 3.5 (ii), also [25] ).
Theorems A and B characterize totally disconnected locally compact contraction groups completely, as was done by Siebert in the connected case. Just as the first step in the treatment of connected groups, carried out by Mü ller-Rö mer [25] , (1.10) , is to use the solution of Hilbert's fifth problem, [23] , Theorem 4.6, to reduce to Lie groups, Lazard's analyticity criteria [19] (which solve the analogue of Hilbert's fifth problem for p-adic Lie groups) play a role in the appearance of p-adic Lie groups as the torsion-free factors in Theorems A and B. More is involved however, because the existence of composition series, the splitting into torsion and torsion-free factors and the analysis of the torsion factors all require separate arguments.
Mention should be made of what Theorems A and B do not say. Contraction groups arise from arbitrary automorphisms a : G ! G of a topological group G for, if we define U a :¼ fx A G : a n ðxÞ ! 1 as n ! yg; then U a is an a-stable subgroup of G and ðU a ; aj U a Þ with the subspace topology is a contraction group. Returning to a totally disconnected, locally compact group G, the results in this paper apply to U a if it is closed in G because then U a is locally compact.1) Contraction groups are automatically closed if G is a p-adic Lie group, [35] , but not in general: consider the shift automorphism on F Z for F a non-trivial finite group.
The contraction groups U a are encountered in many contexts.
In representation theory the Mautner phenomenon is the fact that, if p : G ! UðHÞ is a continuous unitary representation, and v A H is fixed by pðgÞ for some g A G, then v is also fixed under pðU a Þ for the inner automorphism a : G ! G, x 7 ! gxg À1 (see [21] , Chapter II, Lemma 3.2; cf. [22] , [24] , [35] for special cases). A wider notion of contractibility is used in [25] in connection with certain questions of abstract harmonic analysis.
In probability theory continuous one-parameter semigroups, ðm t Þ tf0 , of probability measures on G with m 0 ¼ d 1 are studied. Such semigroups are semistable with respect to an automorphism a of G if a Ã ðm t Þ ¼ m ct for some c A 0; 1½, and in this case each m t is concentrated on U a (see [13] or [32] ). The embeddability of measures (or translates thereof) into continuous one-parameter semigroups and limit theorems for probability measures have been studied in [31] and [34] with emphasis on totally disconnected groups.
In the structure theory of totally disconnected, locally compact groups, contraction groups are related to the tools introduced in [36] . Indeed, closedness of U a was characterized in terms of the structure theory in [1] for metrizable, totally disconnected locally compact groups G (also see [8] ; the metrizability condition can now be omitted, [20] ).
A more general concept that is useful for studying contraction groups is that of groups contracting modulo a closed subgroup. For H L G closed and a-stable, define U a=H to be the set of all x A G such that a n ðxÞH ! H in G=H as n ! y. Contraction modulo H arose in probability theory, where it was shown that the measures m t are concentrated on U a=H if ðm t Þ tf0 is a semistable semigroup that has m 0 equal to Haar measure on a compact subgroup H (see [3] , Introduction; cf. [14] ). This concept also arises in structure theory because a is contractive on U a modulo a certain compact subgroup, [1] . It was shown in [3] that U a=H ¼ U a H if G is a p-adic Lie group (cf. [14] for the case of real Lie groups) and this was extended to all totally disconnected locally compact groups G and a-stable closed subgroups H in [1] and [20] (see also [8] for remarks about the non-metrizable case). Theorems A and B do not extend to locally compact groups contracting modulo a compact a-stable subgroup H, as the following example shows.
1) More generally, the results apply if the topology induced by G on U a can be refined to a locally compact group topology O such that a restricts to a contractive automorphism of ðU a ; OÞ. Such refinements (and nonlocally compact generalizations) have been studied in [33] . They always exist if a is an analytic automorphism of a Lie group over a local field [11] , Corollary 13.4.
Example. Let T pþ1 be the homogeneous tree where every vertex has degree p þ 1 and let G be the group of automorphisms of T pþ1 that have finite orbits (i.e. are elliptic) and stabilize a given end, o, of T pþ1 . Then G is locally compact when equipped with the topology of pointwise convergence on finite sets of vertices. Fix a geodesic path, l, in T pþ1 that has o as one end. Then the elements of G stabilizing all vertices on l form a compact subgroup H of G. Let x be an automorphism of T pþ1 that translates l in the direction away from o. Then the map a : G ! G, g 7 ! xgx À1 is an automorphism that contracts G to H and U a ¼ G. However G has no closed, normal a-stable subgroups, and so is simple as a contraction group modulo H, but nothing like Theorem A and B holds. In fact, the group, D, of unipotent upper triangular matrices over the field Q p , of p-adic numbers, and, T, of unipotent upper triangular matrices over the field F p ððX ÞÞ, of Laurent series over the finite field F p both act on T pþ1 as closed subgroups of G via the action of SL 2 , [30] , Chapter II. Both are subgroups of U a but D is divisible while T is a torsion group.
Organization of the article. Sections 1 and 2 are of a preparatory nature. In Section 1, we compile several basic facts concerning contraction groups. In Section 2, we fix our terminology concerning topological groups with operators and formulate a criterion for the validity of a Jordan-Hö lder Theorem, which can be verified for the cases of relevance (in Section 3). This is quite remarkable, because composition series can rarely be used with profit in the theory of topological groups (typically they need not exist, and if they do, then uniqueness of the composition factors cannot be insured). Sections 4 and 5 prepare the proof of the classification (given in Section 6). Notably, we show there that every simple totally disconnected contraction group is pro-discrete, i.e., every identity neighbourhood contains an open normal subgroup. As a tool for the proof of Theorem B, we explain in Section 7 how a canonical series of a-stable normal subgroups can be associated with a contraction group. The proof of the Structure Theorem is outlined in Section 8 and details are provided in Sections 9-11.
Let us agree on the following conventions concerning subgroups and automorphisms of a topological group G. All automorphisms a of G are assumed bicontinuous. We recall various important facts concerning contractive automorphisms.
Proposition 1.1. For each totally disconnected, locally compact group G and contractive automorphism a : G ! G, the following holds:
(a) a is compactly contractive, i.e., for each compact subset K L G and identity neighbourhood W L G, there is N A N such that a n ðKÞ L W for all n f N (and hence also K L a Àn ðW Þ).
(b) G has a compact, open subgroup W such that aðW Þ L W . If G is pro-discrete, then W can be chosen as a normal subgroup of G.
(c) If G 3 1, then G is neither discrete nor compact.
(d) If W L G is a relatively compact, open identity neighbourhood, then fa n ðW Þ : n A N 0 g is a basis of identity neighbourhoods, and G ¼ S
a Àn ðW Þ. In particular, G is first countable and s-compact.
(e) The module D G ða À1 Þ is an integer greater than or equal to 2 if G 3 1. 
If ½a À1 ðW Þ : W was 1, then we would have W ¼ a À1 ðW Þ and thus
whence G would be compact, contradicting (c).
(f) See [32] , Remark 3.4 (2) . r
If G is a topological group and a : G ! G a contractive automorphism, it is convenient to call ðG; aÞ a contraction group.
In the following, all contraction groups are assumed locally compact and totally disconnected, unless the contrary is stated.
The proof of the classification hinges on the theory of analytic pro-p-groups. We refer to [4] for background information. Generalities concerning p-adic Lie groups can also be found in [2] and [29] . Standard facts from the theory of pro-finite groups and their Sylow subgroups (as provided in [27] or [37] ) will be used freely. We shall say that a topological group G is locally pro-p if it has an open subgroup which is a pro-p-group.
Topological groups with operators
We are interested in series of a-stable closed subgroups of contraction groups, but also in series of a-stable, closed, normal subgroups. Topological groups with operators provide the appropriate language to deal with both cases simultaneously. They also enable us to formulate su‰cient conditions for the validity of a Jordan-Hö lder Theorem. Let G be a topological W-group. As might be expected, a series
is called an W-series if each G j is an W-subgroup of G (and hence closed). It is an Wrefinement of another W-
and a proper W-refinement if fH 0 ; . . . ; H m g is a proper subset of fG 0 ; . . . ; G n g. An Wcomposition series is an W-series (1) without repetitions which does not admit a proper W-refinement. Two W-series S and T are W-isomorphic if there is a bijection from the set of factors of S onto the set of factors of T such that corresponding factors are W-isomorphic as topological W-groups. Definition 2.3. A totally disconnected contraction group ðG; aÞ is called simple if it is a simple topological hai-group, that is, G 3 1 and G has no a-stable closed normal subgroups except for 1 and G.
Evidently, an hai-series 1 ¼ G 0 / Á Á Á / G n ¼ G of a contraction group ðG; aÞ is an hai-composition series if and only if all factors G j =G jÀ1 are simple contraction groups.
We now formulate a criterion for the validity of the Jordan-Hö lder Theorem. Proposition 2.4. Let G be a s-compact, locally compact group with set of operators W. Assume that G satisfies the following ''closed product property'': For all W-subgroups H 1 ; H 2 e G such that H 2 normalizes H 1 , the product H 1 H 2 is closed in G (and hence is an W-subgroup). Then the following holds:
(a) (Schreier Refinement Theorem) Any two W-series of G have W-isomorphic Wrefinements.
(b) (Jordan-Hölder Theorem) If S is an W-composition series and T is any W-series of G, then T has an W-refinement which is an W-composition series and is W-isomorphic with S. In particular, any two W-composition series of G are W-isomorphic.
Proof. If S e G, H e S and N / S are closed subgroups such that HN is closed, then H and HN=N are s-compact, locally compact groups. Therefore H=ðH X NÞ ! HN=N; xðH X NÞ 7 ! xN is a topological isomorphism, by [16] , (5.33) . Using this information and the closed product property, we find that all subgroups occurring in the standard proofs of the Zassenhaus Lemma and the Schreier Refinement Theorem (as in [28] , 3.1.1-3.1.2) are closed and that all relevant abstract isomorphisms are isomorphisms of topological groups. Thus (a) holds. Part (b) is a direct consequence. r
The Jordan-Hölder Theorem for contraction groups
We now verify the closed product property (from Proposition 2.4) for a-stable closed subgroups of a totally disconnected contraction group ðG; aÞ. As a consequence, a Jordan-Hö lder Theorem holds for contraction groups. We shall also see that hai-composition series always exist.
The following proposition is one of the main technical tools of this article. It ensures that an a-invariant closed subgroup of a contraction group ðG; aÞ always is an open subgroup of a suitable a-stable closed subgroup of G. (c) If H is compact, then ½H : aðHÞ < y.
(d) If H is normal in G, then also S is normal in G.
Proof. (a) and (d):
Since aðHÞ L H, we have a Àj ðHÞ L a ÀjÀ1 ðHÞ for all j A N 0 , entailing that S is a subgroup of G (which is normal if so is H). By Proposition 1.1 (b), there exists a compact, open subgroup W e G such that aðW Þ L W . We claim that S X a n 0 ðW Þ ¼ H X a n 0 ðW Þ ð2Þ for some n 0 A N 0 . If this claim is true, then S X a n 0 ðW Þ is a compact identity neighbourhood in S, whence S is locally closed and hence closed in G (by [16] , Theorem 5.9). Furthermore, H is open in S, as it contains the open set S X a n 0 ðW Þ. To prove (a), it therefore only remains to establish (2) . We proceed in steps.
Step 1. We first note that the indices l n :¼ ½H X a n ðW Þ : H X a nþ1 ðW Þ ¼ ÂÀ H X a n ðW Þ Á a nþ1 ðW Þ : a nþ1 ðW Þ Ã e ½a n ðW Þ : a nþ1 ðW Þ ¼ ½W : aðW Þ are bounded. Furthermore, the sequence ðl n Þ n A N 0 is monotonically increasing, as
Here, we applied the automorphism a to all subgroups, and then used that aðHÞ L H. As a consequence, ðl n Þ n A N becomes stationary; there are n 0 A N 0 and l A N such that ½H X a n ðW Þ : H X a nþ1 ðW Þ ¼ l for all n f n 0 .
Step 2. a m À H X a n ðW Þ Á ¼ H X a nþm ðW Þ, for all n f n 0 and m A N 0 . To see this, note first that a m À H X a n ðW Þ Á ¼ a m ðHÞ X a nþm ðW Þ L H X a nþm ðW Þ. Since ÂÀ H X a n ðW Þ Á a nþ1 ðW Þ : a nþ1 ðW Þ Ã ¼ l;
we find x 1 ; . . . ; x l A H X a n ðW Þ such that À H X a n ðW Þ Á a nþ1 ðW Þ=a nþ1 ðW Þ ¼ fx 1 a nþ1 ðW Þ; . . . ; x l a nþ1 ðW Þg
for all k A N 0 . Thus, given y A H X a nþm ðW Þ, we find i 0 A f1; . . . ; lg such that a m ðx i 0 Þ À1 y A H X a nþmþ1 ðW Þ. Next, we find i 1 A f1; . . . ; lg such that
Proceeding in this way, we obtain a sequence ði k Þ k A N 0 in f1; . . . ; lg such that
Step 3. By Step 2, we have a Àm ðHÞ X a n 0 ðW Þ ¼ H X a n 0 ðW Þ for all m A N 0 , whence S X a n 0 ðW Þ ¼ H X a n 0 ðW Þ. Thus (2) (and hence (a)) holds.
Since H is open in S, we have K :¼ a n ðV Þ L H for some n A N, and this is a subgroup with the desired properties. (b) is a special case of (a). r
Having verified the closed product property, we obtain:
Let G be a totally disconnected, locally compact group, a A AutðGÞ be contractive, and W :¼ hai or W :¼ hIntðGÞ W fagi. Then G admits an W-composition series, and the Schreier Refinement Theorem and the Jordan-Hölder Theorem hold in the form described in Proposition 2.4.
Proof. The existence of an W-composition series follows from Lemma 3.5 below. The remainder holds by Proposition 2.4 and Corollary 3.2 (b). r
We complete the proof using a well-known fact (cf. [7] , Proposition III.13.20):
Lemma 3.4. Let a be an automorphism of a locally compact group G and N be an astable closed normal subgroup of G. Let a be the automorphism induced by a on G=N ¼:
Lemma 3.5. Let ðG; aÞ be a totally disconnected contraction group. Then the length of any hai-
. . . ; ng, by Proposition 1.1 (e). The asserted bound for n is now immediate. r
For later use, we record another important consequence of Proposition 3.1.
Corollary 3.6. Let ðG; aÞ and ðH; bÞ be totally disconnected, locally compact contraction groups and f : G ! H be a continuous homomorphism such that b f ¼ f a. Then fðGÞ is b-stable, closed in H, and fj fðGÞ : G ! fðGÞ is a quotient map. In particular, if f is injective, then f is a topological isomorphism onto its image.
a Àn ðW Þ and f a ¼ b f, we see that fðGÞ ¼ S. Hence fðGÞ is closed and fðV Þ is an identity neighbourhood in fðGÞ (as fðW Þ L fðV Þ), entailing that f is open onto its image. r Remark 3.7. Using Corollary 3.6, all standard facts concerning Remak decompositions of finite groups, as formulated in [28] , 3.3.1-3.3.10, can be adapted directly to totally disconnected contraction groups, notably the Krull-Remak-Schmidt Theorem. The corollary ensures that all homomorphisms encountered in the classical proofs are continuous, and all isomorphisms bicontinuous.
Simple contraction groups are pro-discrete
In this section, we show that every non-trivial contraction group ðG; aÞ has a nontrivial a-stable closed normal subgroup S / G which is pro-discrete. Therefore every simple contraction group is pro-discrete. This information is essential for the proof of the classification. (c) S is the set of all elements x A G with relatively compact conjugacy class. Hence S is topologically characteristic in G.
Proof. We may assume without loss of generality that G 3 1.
(a) and (b): Let W e G and N be as in (b); then clearly N is closed, and it is the largest normal subgroup of G contained in W . Furthermore, aðNÞ ¼ T 
a Àn ðNÞ ¼ S. Thus, it only remains to prove that S 3 1.
We proceed in steps.
For each n
Since W L a Àk ðW Þ, we see that a Àk ðV n Þ is normalized by W , for each k A N 0 .
4.3. a Àk ðV n Þ is a normal subgroup of W , for all n A N 0 and k A f0; 1; . . . ; ng. Indeed, we have a nÀk ðW Þ L W and thus a Àk ðV n Þ L W , by (3) . As W normalizes a Àk ðV n Þ, the assertion follows.
4.4. a À1 ðV n Þ L j V n holds, for each n A N 0 . Otherwise a Àk ðV n Þ L V n and thus
Because V n 3 1, there exists an identity neighbourhood P L G which is a proper subset of V n . Then a k ðV n Þ L P for large k, since a is compactly contractive. This contradicts (4).
4.5.
For each n A N 0 , we have U n :¼ a Àn ðV n Þ L j aðW Þ. Indeed, otherwise a À1 ðV n Þ ¼ a nÀ1 ðU n Þ L a n ðW Þ L W . Hence a À1 ðV n Þ is a subgroup of a n ðW Þ which is normal in W (by 4.2). As V n is the largest such subgroup (see 4.2), we have a À1 ðV n Þ L V n . This contradicts 4.4.
of compact sets has the finite intersection property, and thus N X
showing that N 3 1 and hence also S 3 1. This completes the proof of (a) and (b). Elements of a topological group G with relatively compact conjugacy class are also called ½FC À -elements (cf. [12] and [26] , Chapter 12, for further information). They always form a topologically characteristic subgroup. It is remarkable that this subgroup is closed in the case of a totally disconnected, locally compact contraction group ðG; aÞ, by Proposition 4.1.
Further technical tools
In this section, we compile two technical lemmas, which will be used to prove the classification. The first of these provides information concerning the closed, normal, a-invariant subgroups of a simple contraction group. The next lemma will be used later to identify those simple contraction groups which are abelian torsion groups. Here and in the following, two contraction groups ðG; aÞ and ðH; bÞ are called isomorphic if there exists an isomorphism of topological groups
Lemma 5.2. Let ðG; aÞ be a simple totally disconnected contraction group. If there exists a non-trivial, finite, normal subgroup N / G, then ðG; aÞ is isomorphic to F ðÀNÞ Â F N 0 with the right shift, for some finite, simple group F .
Proof. Let F L N be a minimal non-trivial normal subgroup of G. For n A N 0 , consider the map f n : F f0; 1;...; ng ! G; ðx 0 ; . . . ; x n Þ 7 ! x 0 aðx 1 Þ Á Á Á a n ðx n Þ:
We show by induction on n A N 0 that f n is an injective homomorphism. This is triv-
There is a compact, open, normal subgroup W / G such that aðW Þ L W , and a maximal number k A Z such that F L a k ðW Þ. Then F X a kþ1 ðW Þ is a normal subgroup of G and a proper subset of F (by maximality of k), and thus F X a kþ1 ðW Þ ¼ 1 by minimality of F . Hence, after replacing W with a k ðW Þ, without loss of generality F L W and F X aðW Þ ¼ 1. We define
the limits exist because f n ðx 0 ; . . . ; x n Þ À1 f nþm ðx 0 ; . . . ; x nþm Þ A a nþ1 ðW Þ for all n; m A N 0 . Each f n being a homomorphism, also f is a homomorphism. Given m A N 0 , the set U m :¼ fðx n Þ n A N 0 A F N 0 : x n ¼ 1 for all n < mg is an identity neighbourhood in F N 0 , and fðU m Þ L a m ðW Þ. Therefore f is continuous at 1 and hence continuous. Furthermore, f is injective. To see this, let x ¼ ðx n Þ n A N 0 A F N 0 such that x 3 1. There exists a smallest integer m A N 0 such that x m 3 1. Then fðxÞ ¼ a m ðx m Þy with y ¼ lim n!y a mþ1 ðx mþ1 Þ Á Á Á a mþn ðx mþn Þ A a mþ1 ðW Þ:
If fðxÞ ¼ 1, then x À1 m ¼ a Àm ðyÞ A F X aðW Þ ¼ 1 and thus x m ¼ 1, which is a contradiction. Thus fðxÞ 3 1, whence ker f ¼ 1 and f is injective. The image K of f is compact, and it is normal in G, being the closure of the normal subgroup We are now in the position to prove the classification of the simple totally disconnected contraction groups described in Theorem A.
Classification of the abelian simple contraction groups. We first determine a system of representatives for the abelian simple contraction groups. For a discussion of automorphisms of totally disconnected, locally compact abelian groups, see also [6] . In the following theorem, C p denotes the cyclic group of order p. Theorem 6.1. Let ðG; aÞ be a simple totally disconnected contraction group which is abelian. Then G is locally pro-p for some prime p and ðG; aÞ is either isomorphic to C 2 (d) ). Since aðW p Þ e W is a pro-p-group, we have aðW p Þ L W p (cf. [37] , Proposition 2.2.2 (b)). By Lemma 5.1, W p is open in G. Hence G is locally pro-p, and we may assume that W ¼ W p . Then ½W : aðW Þ ¼ p m for some m A N. For each n A N, we write W fng :¼ fx n :
is a torsion group of exponent p, whence ðG; aÞ is isomorphic to C ðÀNÞ p Â C N 0 p , as a consequence of Lemma 5.2. If W f pg is an open subgroup of G, then a n ðW Þ L W f pg for some n A N. Thus
by induction: we have
Thus ½W : W f p k g e ½W : a nk ðW Þ ¼ ½W : aðW Þ Á Á Á ½a nkÀ1 ðW Þ : a nk ðW Þ ¼ ½W : aðW Þ nk ¼ p nmk and so
½W : W f p k g e p nmk for each k A N:
Using [4] , Theorem 3.16, we deduce from (7) that the pro-p-group W has finite rank. Therefore G is a p-adic Lie group (see [4] , Corollary 8.33). Since G is an abelian Lie group, its Lie algebra LðGÞ is an abelian Lie algebra. Therefore the Campbell-Hausdor¤ multiplication coincides with the addition map LðGÞ Â LðGÞ ! LðGÞ, and we find an exponential map f : P ! Q which is an isomorphism of topological groups from a compact, open additive subgroup P e LðGÞ onto a compact, open subgroup Q e G. Set b :¼ LðaÞ : LðGÞ ! LðGÞ. After shrinking P and Q, we may assume that
for some open subgroup U L P such that bðUÞ L P. After shrinking U, we may assume that V :¼ fðUÞ ¼ a N ðW Þ for some N A N. Since aðV Þ L V , we deduce from (8) that bðUÞ L U. Hence f b n j U ¼ a n fj U for each n A N, entailing that b is a contractive automorphism of LðGÞ. Now ðG; aÞ is isomorphic to À LðGÞ; b Á by [35] , Proposition 2.2. r It remains to describe normal forms in the p-adic case.
Definition 6.2. Given a prime p, let R p L Q p ½X be the set of all irreducible monic2) polynomials f whose roots in an algebraic closure Q p of Q p have absolute value < 1. For
. . . ; e d A Q d be the standard basis vectors and define a f as the linear automorphism of E f determined by a f ðe j Þ ¼ e jþ1 for j A f1; . . . ; d À 1g and a f ðe d Þ ¼ À P d i¼1 a iÀ1 e i . Thus f is the minimal polynomial of a f (and its characteristic polynomial).
Note that R p has continuum cardinality, as fX À a : a A Q p ; jaj < 1g L R p . Proposition 6.3. The family ðE f ; a f Þ f A R p is a system of representatives for the isomorphism classes of the simple totally disconnected contraction groups ðG; aÞ such that G is abelian, torsion-free, and locally pro-p.
Proof. Abbreviate K :¼ Q p and let K be an algebraic closure of Q p . Given ðG; aÞ as described in the proposition, we may assume that G ¼ E is a finite-dimensional K-vector space and a a continuous linear map, by Proposition 6.1. We consider E as a K½X -module via X :v :¼ aðvÞ for v A E. Then E is irreducible and thus E G K½X =f K½X for a unique monic irreducible polynomial f A K½X (cf. [17] , §3.9, Exercise 2). Given r > 0, let E r be the sum of all generalized eigenspaces of a n K in E n K K to eigenvalues l A K such that jlj ¼ r. [21] , p. 81), and thus E ¼ E r for some r > 0, as ðE; aÞ was assumed simple. There exists an ultrametric norm k:k on E ¼ E r such that kaðxÞk ¼ rkxk for each x A E (see [10] , Proposition 4.3). Since a is contractive, it follows that r < 1 and thus f A R p . Let d be the degree of f . With respect to the basis corresponding to X 0 ; . . . ; X dÀ1 , the automorphism a has the same matrix as a f with respect to e 1 ; . . . ; e d , and thus ðG; aÞ is isomorphic to ðE f ; a f Þ.
Conversely, for each f A R p , the K½X -module E f (with X :v :¼ a f ðvÞ) is irreducible and uniquely determines f (cf. [17] , §3.9). By irreducibility, E f ¼ ðE f Þ r for some r > 0 (with notation as before), where r < 1 by definition of R p . As there exists an ultrametric norm k:k on E f ¼ ðE f Þ r such that ka f ðvÞk ¼ rkvk for each v A E f , we see that a f is a contractive automorphism. To complete the proof, let N L E f be a non-trivial, a f -stable closed additive subgroup. Then span Q p ðNÞ is an a f -stable, non-trivial vector subspace of E f and hence
By the preceding proof, for each f A R p all eigenvalues l of a f in Q p have the same absolute value r :¼ jlj.
Classification of the non-abelian simple contraction groups. To classify the nonabelian simple contraction groups, we use a folklore lemma from group theory (which follows from Remak's Theorem, [28] , 3.3.12).
2) That is, with leading coe‰cient 1. Lemma 6.4. Let G be a group and N 1 ; . . . ; N n be pairwise distinct normal subgroups of G such that G=N k is a non-abelian simple group, for each k A f1; . . . ; ng. Abbreviate D :¼ N 1 X Á Á Á X N n and D k :¼ T j3k N j . Then y : G=D ! G=N 1 Â Á Á Á Â G=N n ; xD 7 ! ðxN 1 ; . . . ; xN n Þ is an isomorphism of groups which takes D k =D isomorphically onto G=N k , for each k A f1; . . . ; ng. r Theorem 6.5. Let ðG; aÞ be a simple totally disconnected contraction group. If G is non-abelian, then ðG; aÞ is isomorphic to F ðÀNÞ Â F N 0 with the right shift for a non-abelian, finite simple group F .
Proof. We let W / G be a compact, open, normal subgroup such that aðW Þ L W . As G is non-abelian, there are g; h A G such that ghg À1 h À1 3 1. After applying a suitable power of a to both elements, we may assume that h A W . There is m A N such that ghg À1 h À1 B a m ðW Þ. As a consequence, g B ker f for the homomorphism
Since a m ðW Þ L ker f, we deduce that N : because this intersection is an a-stable, closed, normal, proper subgroup of G and ðG; aÞ is simple. Here a k ðMÞ is a normal subgroup of G such that G=a k ðMÞ G G=M ¼ F is a nonabelian, simple group. If k 1 3 k 2 , say k 2 > k 1 , then a k 1 ðMÞ 3 a k 2 ðMÞ because otherwise is surjective, for all n; m A Z such that n e m. Given x A G, there is k 0 A Z such that x A a k ðMÞ for all k e k 0 . We can therefore define a homomorphism
We let s be the right shift on F ðÀNÞ Â F N 0 ¼: H. Then s h ¼ h a by construction of h.
To complete the proof, we show that h is an isomorphism of topological groups. First, h is injective, because ker h ¼ 1 by (9). Since G ¼ S n A Z a Àn ðW Þ as an ascending union, there is n A Z such that a Àn ðW Þ L j M. On the other hand, a k ðW Þ L M for large k since a is compactly contractive. Hence n can be chosen minimal. As a consequence, W L ker c k for all k < n while W L j ker c k for all k f n. Thus hðW Þ L F fn; nþ1;...g . Since H induces the product topology on F fn; nþ1;...g , we see that y :¼ hj W is continuous and hence also h. Let m f n.
Because W is normal in G and c n; m : G ! F fn;...; mg is surjective, the image c n; m ðW Þ is a normal subgroup of the product F fn;...; mg of non-abelian simple groups. By Remak's Theorem [28] , 3.3.12, c n; m ðW Þ ¼ F J for a subset J L fn; . . . ; mg. Since c k ðW Þ 3 1 for each k A fn; . . . ; mg, we see that J ¼ fn; . . . ; mg and thus c n; m ðW Þ ¼ F fn;...; mg . As a consequence, y has dense image. Now yðW Þ being also compact and thus closed, we deduce that hðW Þ ¼ yðW Þ ¼ F fn; nþ1;...g . Hence h has open image, and since c n; m is surjective for all n; m A Z such that n e m, we see that hðGÞ is dense in H and hence equal to H. Because hj W is a homeomorphism onto its open image, h is an isomorphism of topological groups. r Remark 6.6. The finite group F in Theorem 6.5 is uniquely determined up to isomorphism. To see this, note that every compact, open, normal subgroup W L F ðÀNÞ Â F N 0 such that sðW Þ L W is of the form W ¼ F fn; nþ1;...g for some n A Z, and W =sðW Þ G F .
Canonical a-stable series
We now describe how a series 1 ¼ S a 0 ðGÞ / S a 1 ðGÞ / Á Á Á / S a n ðGÞ ¼ G of topologically characteristic (hence a-stable and normal) closed subgroups can be associated to each totally disconnected contraction group ðG; aÞ in a canonical way. This series will serve as a technical tool in the proof of the Structure Theorem (Theorem B). It can also be used to show that hIntðGÞ W fagi-composition factors are pro-discrete (Proposition 7.3).
Definition 7.1. Let G be a totally disconnected, locally compact group and a : G ! G be a contractive automorphism. We define S a 0 ðGÞ :¼ 1 and S a 1 ðGÞ :¼ S a ðGÞ (as in Proposition 4.1 (a)), which is a topologically characteristic, closed subgroup of G (see Proposition 4.1). Inductively, having defined the topologically characteristic, closed subgroup S a jÀ1 ðGÞ / G, we set Q j :¼ G=S a jÀ1 ðGÞ, let q j : G ! Q j be the quotient map and a j : Q j ! Q j be the contractive automorphism determined by a j q j ¼ q j a. Since S a j ðQ j Þ is topologically characteristic and closed in Q j and S a jÀ1 ðGÞ is topologically characteristic in G, it follows that S a j ðGÞ :¼ q À1 j À S a j ðQ j Þ Á is a topologically characteristic, closed subgroup of G. By Lemma 3.5, the series S a 0 ðGÞ / S a 1 ðGÞ / Á Á Á becomes stationary. Thus, there is a smallest n A N 0 such that S a nþ1 ðGÞ ¼ S a n ðGÞ. We call 1 ¼ S a 0 ðGÞ / S a 1 ðGÞ / Á Á Á / S a n ðGÞ ¼ G the canonical a-stable series of G.
Let us call an hIntðGÞ W fagi-
open subgroup which is normal in G=G iÀ1 and invariant under the automorphism of G=G iÀ1 induced by a, for each i A f1; . . . ; ng. The following proposition compiles various useful properties of the canonical a-stable series. In particular, it is special and ascends faster than any other special hIntðGÞ W fagi-series. Proposition 7.2. Let ðG; aÞ be a totally disconnected contraction group and W :¼ hIntðGÞ W fagi. Then the following holds:
(a) The canonical a-stable series 1 ¼ S a 0 ðGÞ / S a 1 ðGÞ / Á Á Á / S a n ðGÞ ¼ G is a special W-series without repetitions.
(b) S a j ðGÞ=S a jÀ1 ðGÞ is a pro-discrete, closed normal subgroup of Q j :¼ G=S a jÀ1 ðGÞ, for each j A f1; . . . ; ng. (c) We show by induction on i A f0; . . . ; ng that m f i and G i L S a i ðGÞ. For i ¼ 0, this is clear. Now assume that i A f0; . . . ; ng, m f i À 1, and G iÀ1 L S a iÀ1 ðGÞ. Since S a iÀ1 ðGÞ is a proper subset of G, by the preceding so is G iÀ1 and hence m f i. By hypothesis, there exists a compact, open subgroup K L G i =G iÀ1 which is normal in G=G iÀ1 and invariant under the automorphism of G=G iÀ1 induced by a. The continuous homomorphism q : G=G iÀ1 ! G=S a iÀ1 ðGÞ, xG iÀ1 7 ! xS a iÀ1 ðGÞ intertwines a and the contractive automorphism a 0 of G=S a iÀ1 ðGÞ induced by a. As a consequence of Corollary 3.6, qðG i =G iÀ1 Þ is a closed, a 0 -stable normal subgroup of G=S a iÀ1 ðGÞ which has qðKÞ as an open subgroup. Since qðKÞ is normal in G=S a iÀ1 ðGÞ and a 0 -invariant, Proposition 4.1 (a) shows that
ðGÞ. Therefore G i S a iÀ1 ðGÞ L S a i ðGÞ and thus G i L S a i ðGÞ. r
We know from Corollary 4.7 that composition factors of hai-composition series are pro-discrete. As a first application of the canonical a-stable series, we now show that also hIntðGÞ W fagi-composition factors are pro-discrete. Proof. Since all W-composition series are equivalent by the Jordan-Hö lder Theorem (Theorem 3.3), to prove the first assertion it su‰ces to consider an W-composition series 1 ¼ H 0 / H 1 / Á Á Á / H m ¼ G which has been obtained by refining the canonical a-stable series of G (this is possible by the Schreier Refinement Theorem). Let i A f1; . . . ; mg. Then i A fk þ 1; . . . ; k þ lg for some k A f0; . . . ; m À 1g and l A f1; . . . ; m À kg such that, for some j A f1; . . . ; ng, 
Proof of the Structure Theorem
We now outline the main steps of the proof of the Structure Theorem (Theorem B from the Introduction). The details of Steps 2 to 4 will be given in Sections 9 to 11. Throughout the following, ðG; aÞ is a totally disconnected, locally compact contraction group (unless we state the contrary). Furthermore,
is an hai-composition series for G. By the classification, each factor G j =G jÀ1 is pro-discrete and is isomorphic to either (a) ðQ d p ; þÞ for some prime p and some d A N; or to (b) a restricted product over Z of copies of a finite simple group. In case (a), G j =G jÀ1 is divisible and torsion-free. In case (b), G j =G jÀ1 is a torsion group of finite exponent.
It is useful to consider the special cases first where either all hai-composition factors are torsion groups, or all of them are torsion-free.
Step 1. The case when all composition factors are torsion groups. If each of the factors G j =G jÀ1 is a torsion group of finite exponent, then also G is a torsion group of finite exponent, as a special case of the following lemma (the proof of which is based on obvious inductive arguments):
(a) If G j =G jÀ1 is a torsion group for each j A f1; . . . ; ng, then G is a torsion group. If G j =G jÀ1 is a torsion group of exponent m j for each j A f1; . . . ; ng, then G is a torsion group of finite exponent which divides m 1 Á . . . Á m n .
(b) If G j =G jÀ1 is torsion-free for j ¼ k; . . . ; n, then torðGÞ ¼ torðG kÀ1 Þ. r
The next lemma implies that the exponent of a torsion factor G j =G jÀ1 divides the module of the automorphism induced by a À1 on G j =G jÀ1 . This information will be useful later. 
Proof. For the compact open subgroup
Step 2. The special case of torsion-free composition factors. The following proposition (proved in Section 9) describes the structure of contraction groups all of whose composition factors are torsion-free. Proposition 8.3. Let ðG; aÞ be a totally disconnected contraction group possessing an hai-composition series 1 ¼ G 0 / Á Á Á / G n ¼ G such that G j =G jÀ1 is torsion-free, for each j A f1; . . . ; ng. Then G is an internal direct product G ¼ G p 1 Â Á Á Á Â G p r of certain nilpotent p-adic Lie groups G p . Each G p is topologically fully invariant in G (and hence a-stable).
In the situation of Proposition 8.3, G is divisible and torsion-free, as a consequence of the next lemma. Lemma 8.4. Let G be a p-adic Lie group admitting a contractive automorphism a. Then G is divisible and torsion-free.
Proof. Let exp : V ! U be an exponential map of G, which is a di¤eomorphism from an open Z p -submodule V L LðGÞ onto an open subgroup U e G. Then each x 3 1 in U has the form x ¼ expðX Þ for some X 3 0 in V . For each n A N, we then have x n ¼ expðnX Þ 3 1, showing that U is torsion-free and hence also G ¼ S k A N 0 a Àk ðUÞ.
Furthermore, fx n : x A Ug ¼ expðnV Þ is an identity neighbourhood in G consisting of elements possessing an n-th root. Hence every element of G ¼ S k A N 0 a Àk À expðnV Þ Á has an n-th root. r
Step 3. The set of torsion elements is a subgroup. If one of the composition factors in (10) is torsion, then it may be assumed that G has torsion elements and that G 1 is torsion (see Section 10). As a consequence, it may always be supposed that torsion factors appear first in the composition series: Lemma 8.5. Each totally disconnected contraction group ðG; aÞ admits an haicomposition series 1 ¼ G 0 / Á Á Á / G n ¼ G such that, for suitable k A f0; . . . ; ng, the factors G j =G jÀ1 are torsion groups for j A f1; . . . ; kg and all other factors are torsion-free. In particular, torðGÞ is equal to G k and is a subgroup of G.
The proof of Lemma 8.5 uses the following result. Lemma 8.6. If 1 ¼ G 0 / Á Á Á / G k is an hai-composition series for G k with G i =G iÀ1 a torsion group for i A f1; . . . ; jg and G i =G iÀ1 a torsion-free group for i A f j þ 1; . . . ; kg, then G j ¼ torðG k Þ is a characteristic subgroup of G k and G k =G j is torsion-free.
Proof. Lemma 8.1 (a) and (b) show that G j is a torsion group and torðG k Þ ¼ torðG j Þ ¼ G j . Thus G j is a characteristic subgroup of G k . We can apply Lemma
Now Lemma 8.5 readily follows: If n ¼ 0 or if all factors G j =G jÀ1 are torsion-free, or if all factors are torsion, there is nothing to show. Now assume that n is arbitrary and that G has torsion elements but is not a torsion group. By Lemma 10.1, we may assume that G 1 =G 0 is torsion, whence there exist k; m A f1; . . . ; ng with m > k such that G j =G jÀ1 is torsion for all j A f1; . . . ; kg while G j =G jÀ1 is torsion-free for j A fk þ 1; . . . ; mg and m cannot be increased. We assume that the hai-composition series has been chosen such that k is maximal. Then G k ¼ torðG m Þ by Lemma 8.1. If m ¼ n, there is nothing more to show. Otherwise, G mþ1 =G m is a torsion group and since G k ¼ torðG m Þ is characteristic in G m , we deduce that G k is normal in G mþ1 . Now the torsion factor in the composition series of G mþ1 =G k can be moved to the bottom, and hence G kþ1 =G k can be replaced by a torsion factor, contradicting the maximality of k. r
Step 4. Definition of a complementary subgroup D. We now choose the haicomposition series (10) as described in Lemma 8.5. Thus G j =G jÀ1 is torsion for j A f1; . . . ; kg while G j =G jÀ1 is torsion-free and divisible for j A fk þ 1; . . . ; ng. Then T :¼ torðGÞ ¼ G k is a characteristic (and hence a-stable) subgroup of G.
Proof. Consider the hai-
. . . ; kg, let a j be the automorphism induced by a on Q j :¼ G j =G jÀ1 and put t j :¼ D Q j ða À1 j Þ. Then t a ¼ t 1 Á Á Á t k (see proof of Lemma 3.5). Furthermore, Q j is a torsion group of exponent dividing t j (cf. Lemma 8.2). Thus T is a torsion group of finite exponent that divides t a , by Lemma 8.1 (a). r
Then D is a closed, topologically characteristic (and hence a-stable) subgroup of G. We record an essential property of D:
Proof. Let yT be in G=T, where y A G. Since, by Lemma 8.4, G=T is divisible, there is xT A G=T such that yT ¼ ðxTÞ t a . Then yT ¼ x t a T belongs to the range of f. r
The following lemma (established in Section 11) completes the proof of the first half of the Structure Theorem:
Now also the second half of the Structure Theorem readily follows: Since D X T ¼ f1g, the group D is torsion-free. Hence all composition factors of D are torsionfree (see Section 10) and therefore D ¼ G p 1 Â Á Á Á Â G p r is an internal direct product of a-stable p-adic Lie groups G p , by Proposition 8.3.
The case of torsion-free factors
In this section, we prove Proposition 8.3, thus completing Step 2 of Section 8. The proof is based on the following lemma. Proof. (a) G is locally compact by [16] , (5.25) , and totally disconnected, whence it has a compact open subgroup U. Then N X U and U=ðN X UÞ G UN=N L G=N are padic Lie groups, and after shrinking U both of these groups are pro-p-groups of finite rank (by [4] , Corollary 8.33, and [37] , Proposition 8. 1.1 (a) ). By [4] , Proposition 1.11 (ii), and [37] , Proposition 8.1.1 (b), also U is a pro-p-group of finite rank and thus G is a p-adic Lie group by [4] , Corollary 8.33.
(b) We may assume that q A p (otherwise, define N q :¼ 1). For each p A p, we let V p L N p be an open subgroup which is a pro-p-group (see [4] , Corollary 8.33 
We now use that c induces a bijection from
c is injective and a homomorphism. Hence G p / G for each p. Since U L imðcÞ and S k A N 0 a Àk ðUÞ ¼ G, using (11) we see that c is also surjective. Hence c is an isomorphism. r
Proof of Proposition 8.3. Each composition factor G j =G jÀ1 being a p-adic Lie group for some prime p by Theorem A, a straightforward induction on n based on Part (c) of Lemma 9.1 shows that G is an internal direct product G ¼ G p 1 Â Á Á Á Â G p r of certain astable subgroups G p which are p-adic Lie groups. Each G p has an open pro-p subgroup U p ; then a Àk ðU p Þ also is a pro-p-group for each k A N, and
a Àk ðU p Þ. Since, for p 3 q, each continuous homomorphism from a pro-p-group to a pro-q-group is trivial, we deduce that each endomorphism of the topological group G takes G p to G p . Thus G p is topologically fully invariant. To complete the proof, we recall from [34] , Theorem 3.5 (ii), that every p-adic contraction group is a unipotent p-adic algebraic group and hence nilpotent. r
Shifting torsion factors to the bottom
In this section, we prove the following lemma, which completes the details of Step 3 in Section 8.
Lemma 10.1. Let ðG; aÞ be a totally disconnected contraction group such that at least one hai-composition factor of G is a torsion group. Then G has an hai-composition series (10) such that G 1 is a torsion group. In particular, G has non-trivial torsion elements.
Proof. If the lemma was false, we could find a counterexample with an haicomposition series of minimal length n f 2. By minimality, for each hai-composition series 1 ¼ G 0 / Á Á Á / G n ¼ G, the factors G j =G jÀ1 have to be torsion-free for all j A f1; . . . ; n À 1g, while G n =G nÀ1 is a torsion group. By Proposition 8.3, G nÀ1 ¼ H p 1 Â Á Á Á Â H p r is a direct product of certain topologically characteristic (and hence a-stable) nilpotent p-adic Lie groups H p 3 f1g. If r f 2, then K :¼ H p 2 Â Á Á Á Â H p r is topologically characteristic in G nÀ1 and hence normal in G n . We may assume that K ¼ G j for some j A f1; . . . ; n À 2g. Because Q :¼ G=K has a properly shorter hai-composition series than G, it has an haicomposition series starting in a torsion factor and thus also G jþ1 =G j can be chosen as a torsion group, which is a contradiction. Thus r ¼ 1 and G nÀ1 is a nilpotent p-adic Lie group for some p. The closed commutator subgroup C of G nÀ1 being topologically characteristic in G nÀ1 , arguing as before we reach a contradiction unless C ¼ 1. Hence G nÀ1 is an abelian p-adic Lie group. The next two lemmas will help us to reach a final contradiction.
Lemma 10.2. Let ðG; aÞ be a totally disconnected contraction group and N / G be an a-stable closed normal subgroup. If G=N is a torsion group and N an abelian p-adic Lie group, then N is contained in the centre of G.
Proof. As in the proof of Proposition 6.1, the fact that the abelian p-adic Lie group N is a contraction group implies that N G Q d p for some d A N 0 . Hence AutðNÞ G GL d ðQ p Þ, which we equip with its usual topology (of pointwise convergence). We now choose a torsion-free open subgroup W L AutðNÞ (for example, we can take any open subgroup W isomorphic to a ball in gl d ðQ p Þ, equipped with the Campbell-Hausdor¤ multiplication). Since N is abelian, a homomorphism of groups can be defined via f : G=N ! AutðNÞ; fðxNÞðyÞ :¼ xyx À1 :
Let q : G ! G=N be the quotient map. Since G ! N, x 7 ! f À qðxÞ Á ðyÞ ¼ xyx À1 is continuous for each y A N, it follows that f q is continuous and hence also f. Thus f À1 ðW Þ is an identity neighbourhood in Q :¼ G=N. Since Q is a torsion group and W is torsion-free, we must have f À1 ðW Þ L ker f and thus ker f is open. Hence
where a denotes the contractive automorphism of Q induced by a. Since, as a simple calculation shows, a À1 ðker fÞ L ker f, it follows that Q ¼ ker f. Hence xyx À1 ¼ fðxNÞðyÞ ¼ y for each x A G and thus N L ZðGÞ. r Lemma 10.3. Let ðG; aÞ be a totally disconnected contraction group, A L G be a central, a-stable closed subgroup and q : G ! Q be a quotient morphism with kernel A. Assume that A G Q d p and Q G F ðÀNÞ Â F N 0 with the right shift s, for a finite group F . Then torðGÞ is a subgroup of G, and G ¼ A Â torðGÞ internally as a topological group.
Proof. Without loss of generality Q ¼ F ðÀNÞ Â F N 0 . We set F k :¼ F fÀk;...; kg for k A N, G k :¼ q À1 ðF k Þ, and consider A as an F k -module with the trivial action. For each n A N, the n-th cohomology group H n ðF k ; AÞ with coe‰cients in A (as in [18] , §6.9) is a Q p -vector space in a natural way and hence a torsion-free group. On the other hand, F k being finite, H n ðF k ; AÞ is a torsion group by [18] , Theorem 6.14. Hence H n ðF k ; AÞ ¼ f0g for each n A N and thus H 2 ðF k ; AÞ ¼ f0g in particular, entailing that the extension A ! G k ! F k splits and thus G k ¼ A Â S k internally for some subgroup S k e G k (cf. [18] , Theorem 6.15). Since A is torsion-free and S k G F k a torsion group, we deduce that S k ¼ torðG k Þ. In particular, S k is uniquely determined and
S k and its closure S :¼ S y are subgroups of G. Each S k G F k being a torsion group of exponent dividing jF j, also S y and its closure S are torsion groups of exponent dividing jF j and thus S X A ¼ 1, because A is torsion-free.
we deduce that aðG k Þ L G kþ1 and thus aðS k Þ ¼ a À torðG k Þ Á L torðG kþ1 Þ ¼ S kþ1 , entailing that aðS y Þ L S y . Likewise, a À1 ðS y Þ L S y , whence aðS y Þ ¼ S y and aðSÞ ¼ S. By Corollary 3.6, qðSÞ is closed in Q.
Since qðSÞ M qðS y Þ ¼ S n A N F n ¼ F ðZÞ , where F ðZÞ is dense in Q, we see that qðSÞ ¼ Q.
Hence G ¼ A Â S internally as a group and hence also as a topological group (cf. Corollary 3.6). Since A is torsion-free and S G Q a torsion group, S ¼ torðGÞ follows. r
Proof of Lemma 10.1, completed. Since G n =G nÀ1 is a torsion group, and is a factor of an hai-composition series, it is isomorphic to a restricted product of copies of a finite group. Lemmas 10.2 and 10.3 show that G n has a closed subgroup isomorphic to this re-stricted product. This subgroup is characteristic in G n and can be chosen as G 1 . We have reached a contradiction. r
Proof that D has the desired properties
In this section, we prove Lemma 8.9, thus completing the details of Step 4 from Section 8.
To prove Lemma 8.9, we use induction on the length of the canonical a-stable series of G; the induction starts because the case G ¼ 1 is trivial. For general G, let S :¼ S a 1 ðGÞ be the first term in the canonical series for G. Then G=S has a shorter canonical series and so, by the inductive hypothesis, G=S ¼T T ÂD D, whereT T is the torsion subgroup of G=S and D D :¼ hxt t a : x A G=Si is a divisible subgroup, wheret t a is the module of the automorphism ofT T induced by a À1 . Let q : G ! G=S be the quotient map. Then T L q À1 ðT TÞ. Consider, for each j A N, the finite group N=a j ðNÞ and define a homomorphism f j : G ! Aut À N=a j ðNÞ Á by f j ðxÞ : ya j ðNÞ 7 ! xyx À1 a j ðNÞ for y A N:
Then kerðf j Þ is a finite index normal subgroup of G for each j and so there is a positive integer, d j , such that x d j A kerðf j Þ for every x A G. Since a is an automorphism, we have that
Then M j is a closed a-stable normal subgroup of G for each j.
It is clear that kerðf jþ1 Þ L kerðf j Þ for each j. Hence ðM j Þ j A N is a decreasing sequence of closed a-stable normal subgroups of G. As D M jþ1 ða À1 j M jþ1 Þ is a positive integer strictly less than D M j ða À1 j M j Þ if M jþ1 is a proper normal subgroup of M j (by Proposition 1.1 (e) and Lemma 3.4), this sequence eventually stabilizes. Thus there is a J such that M j ¼ M J for all j f J. Proof. It is clear from the definition of M j that the centralizer of S is a subgroup of M j for every j.
For the converse, let s A S. By the definition of N, there is an l A Z such that s A a l ðNÞ. If x A M J , then for every j f J we have xsx À1 a lþ j ðNÞ ¼ sa lþ j ðNÞ. Since T jfJ a lþ j ðNÞ ¼ 1 (because a is compactly contractive), it follows that xsx À1 ¼ s. r
The subgroup M J is not trivial if G has a torsion-free composition factor. Proof. Let d be the least common multiple of t a (from Lemma 8.7) and d J . Exploiting that x d A D X M J for every x A G, we can repeat the argument used to prove Lemma 8.8. r
The kernel of the homomorphism in Lemma 11.2 is equal to D X M J X T and so there is an exact sequence
Recalling that D is defined to be D ¼ hx t a j x A Gi and similarly forD D, the following lemma implies that qðDÞ LD D. Hence qðD X TÞ LD D XT T ¼ 1 and thus D X T L S, whence D X M J X T is contained in the centre of D X M J , by Lemma 11.1. Thus, (12) is a central extension.
Lemma 11.3.t t a divides t a .
Proof. By the proof of Lemma 8.7, t a is the product of the modules of the automorphisms induced by a À1 on the composition factors of T. By Lemma 8.5, the latter coincide with those composition factors of G which are torsion groups. Likewise,t t a is the product of the modules of the automorphisms induced by a À1 on those composition factors of G=S which are torsion groups. As the latter are among the composition factors of G which are torsion groups, we deduce thatt t a divides t a . r
Two algebraic results will help us to discuss the central extension (12) . Proof. The proof is by induction on n. If n ¼ 1, then H is abelian and torsion-free. Thus x m ¼ y m entails that ðy À1 xÞ m ¼ 1, whence y À1 x ¼ 1 and x ¼ y. If n > 1, then the inductive hypothesis applies to H=H 1 , whence xH 1 ¼ yH 1 . Since H 1 L ZðHÞ, we have x ¼ yz for some element z in the centre of H. Thus y m ¼ x m ¼ y m z m and hence z m ¼ 1.
Since H is torsion-free, we infer that z ¼ 1 and thus x ¼ y. r Lemma 11.5. Let 1 ! C ! H ! H=C ! 1 be a central extension, where C is a torsion group of finite exponent and Q :¼ H=C a divisible nilpotent group admitting a central series 1 ¼ Q 0 / Q 1 / Á Á Á / Q m ¼ Q such that Q j is divisible and Q=Q j is torsion-free for each j A f0; . . . ; mg. Then there exists a divisible subgroup, L, of H such that H ¼ C Â L. Furthermore, C ¼ torðHÞ and L ¼ divðHÞ are fully invariant subgroups of H.
Proof. It su‰ces to prove the first assertion (because the final assertion is an immediate consequence). We first note that C ¼ torðHÞ because H=C is torsion-free. Hence C is a fully invariant subgroup. Let d A N be such that c d ¼ 1 for every c A C. We first show that each coset, xC, in H=C contains a unique element that is divisible by kd for every k A N. Since H=C is divisible, there is yC A H=C such that ðyCÞ kd ¼ xC. Hence y kd A xC. Because H=C satisfies the hypotheses of the preceding lemma, the coset yC is unique. If yc is another element of yC, then ðycÞ kd ¼ y kd because c belongs to the centre of H and c d ¼ 1. Hence y kd is the unique element of xC that is divisible by kd. If k 0 is another element of N, then there is z A H such that z kk 0 d ¼ y kd . Hence y kd is also the unique element of xC divisible by k 0 d.
Let L :¼ fy d : y A Hg. Then LC=C ¼ H=C, and the above argument shows that each element of L is divisible by kd for each k A N. Moreover, L X C ¼ 1, as we know that C contains a unique element u divisible by kd for each k A N (and the neutral element is such an element u). We assert: L is a group and is complementary to C. The proof is by induction on m.
Assume m ¼ 1 first; then H=C is abelian. Given x 1 ; x 2 A L, we have x i ¼ y 2d i for some y i A H. Since z :¼ y À1 1 y À1 2 y 1 y 2 belongs to C, we have z d ¼ 1 and thus x 1 x 2 ¼ ðy 1 y 2 Þ 2d z 1 2 2dð2dÀ1Þ ¼ ðy 1 y 2 Þ 2d z dð2dÀ1Þ ¼ ðy 1 y 2 Þ 2d A L. It is clear that L is closed under inverses and so L is a group. It is also clear from its definition that L is a characteristic subgroup. Since L X C ¼ 1 and LC=C ¼ H=C, we have LC ¼ H and hence H ¼ C Â L. Now let m > 1 and assume that the assertion holds if m is replaced by m À 1. Let H 0 be the preimage of Q 1 under the quotient map H ! H=C. Then H 0 =C ¼ Q 1 is a divisible, torsion-free abelian group, whence the extension 1 ! C ! H 0 ! H 0 =C ! 1 satisfies the hypotheses of the lemma. By the abelian case already discussed, H 0 ¼ C Â L 0 with L 0 a divisible and characteristic subgroup of H 0 . The group L 0 is normal in H and the extension 1 ! CL 0 =L 0 ! H=L 0 ! ðH=L 0 Þ=ðCL 0 =L 0 Þ ! 1 satisfies the hypotheses of the lemma, because CL 0 =L 0 G C=ðC X L 0 Þ is a torsion group of finite exponent and ðH=L 0 Þ=ðCL 0 =L 0 Þ G H=ðCL 0 Þ ¼ H=H 0 G Q m =Q 1 is a nilpotent group isomorphic to Q m =Q 1 which admits the central series 1 ¼ Q 1 =Q 1 / Á Á Á / Q m =Q 1 of length m À 1 where Q j =Q 1 is divisible and ðQ m =Q 1 Þ=ðQ j =Q 1 Þ G Q m =Q j torsion-free for all j A f1; . . . ; mg. Hence H=L 0 ¼ ðCL 0 =L 0 Þ Â L 00 for a divisible subgroup L 00 of H=L 0 , by the case m À 1. We claim: The preimage of L 00 under the quotient map q : H ! H=L 0 is equal to L. If this is true, then L is a characteristic subgroup of H. Since L X C ¼ 1 and LC=C ¼ H=C, we have LC ¼ H and hence H ¼ C Â L. In particular, L G H=C is divisible.
It only remains to verify the claim. Since CL 0 =L 0 has exponent dividing d, we have qðy d Þ A L 00 for each y A H and thus qðLÞ L L 00 . If x A L 00 , then there exists w A L 00 such that w d ¼ x. Taking y A H such that w ¼ qðyÞ, we have y d A L and qðy d Þ ¼ x, showing that qðLÞ ¼ L 00 . Hence L ¼ q À1 ðL 00 Þ will follow if we can show that LL 0 L L. To this end, let x 1 A L, x 2 A L 0 . Then x 1 ¼ y 2d 1 for some y 1 A H, and x 2 ¼ y 2d 2 for some y 2 A L 0 . Since L 0 C=C L Q 1 is contained in the centre of H=C, we have z :¼ y À1 1 y À1 2 y 1 y 2 A C and thus L C ðy 1 y 2 Þ 2d ¼ y 2d 1 y 2d 2 z dð2dÀ1Þ ¼ y 2d 1 y 2d 2 ¼ x 1 x 2 . This completes the proof. r
To obtain information concerning the central extension (12), we now consider the canonical a-stable series 1 ¼ Q 0 / Á Á Á / Q m ¼ G=T of G=T. Since all hai-composition factors of G=T are torsion-free by Lemma 10.1, also all hai-composition factors of Q m =Q j are torsion-free, as well as those of Q j , for j A f0; . . . ; mg. Hence Q j and Q m =Q j are torsionfree, divisible, nilpotent groups by Proposition 8.3 and Lemma 8.4. Thus Lemma 11.5 implies that (12) splits as an extension of abstract groups. Write D X M J ¼ ðD X M J X TÞ Â L; say, where L G G=T. Then L ¼ divðD X M J Þ is a characteristic subgroup of D X M J . Since D X M J is a normal and a-stable subgroup of G, it follows that L is a normal and a-stable subgroup of G. We also have that G ¼ LT, by Lemma 11.2, and that L X T ¼ 1, since L is torsion-free. Therefore, G ¼ T Â L as an abstract group. We need more:
